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Abstract
We consider a metapopulation version of the Schelling model of segre-
gation over several complex networks and lattice. We show that the seg-
regation process is topology independent and hence it is intrinsic to the
individual tolerance. The role of the topology is to fix the places where
the segregation patterns emerge. In addition we address the question of
the time evolution of the segregation clusters, resulting from different dy-
namical regimes of a coarsening process, as a function of the tolerance
parameter. We show that the underlying topology may alter the early
stage of the coarsening process, once large values of the tolerance are
used, while for lower ones a different mechanism is at work and it results
to be topology independent.
1
1 Introduction
People tends to move to reduce their uneasiness and increase their personal
utility computed across many dimensions, thus formation of strongly separated
groups or even ghettos is a self-organised emergent process of our societies.
Such phenomenon can be harmful when leading to discrimination based on
segregation [1]. This issue has been recognised as one of the most important
socio-political problems in the USA, and many Western-European countries are
becoming increasingly aware of this problem [2]. Economical inequalities have
been recognised as the main cause for this phenomenon [3]. Not downplay-
ing this fact, Shelling studied, in the 70’s, the effect of individual preferences
concerning the composition of the individuals neighbourhood. Introducing a
stylised model, he showed that even weak preferences unbalance can lead to
total segregation in societies [5]. In the modern language of complex systems,
such phenomenon can be ascribed to self-organisation in social sciences [8, 9,
10].
In the original works by Shelling, a population composed by two kinds of
agents, say Red and Blue, is assumed to live on a regular network (1D or 2D
lattices) where each node can either host a single agent or remain empty [4, 5].
Agents are happy, and thus do not move, if they are surrounded by sufficiently
many agents of the same kind, otherwise they are unhappy and move to another
location. The model is specified though two parameters: the population density
of agents on the lattice, ρ, and the tolerance, ε, the parameter responsible for the
willingness to move or to stay in a certain site. Besides its simplicity the model
exhibits a very rich phenomenology, for instance scholars have been interested
in understanding the presence of a phase transitions in the final distribution of
agents (segregation vs well mixed), the role of the density of agents and thus of
the density of empty spaces (emptiness), and the dynamics of the separation of
clusters composed by the same kind of agents (interface growth) [11, 12].
Recently the Shelling model has been improved to account for the possibil-
ity that nodes host more than one agent [10, 9, 13], opening in this way to a
generalisation to the metapopulation framework [8]. In particular, in a previous
work [13], we studied a metapopulation Schelling model over regular networks
(1D and 2D lattices) able to capture the idealised movement of people across
city districts, each one allowing for a finite carrying capacity. A first result of
this paper is that a phase transition happens when the tolerance is εc = 0.5.
For ε < εc the lattice sites are completely magnetised, namely only one type of
agents is present on each node. Moreover, we found that for low values of the
tolerance (ε < 0.3) the system remains stuck in a long quasi-stationary tran-
sient phase, during which the population is in a well mixed phase, but suddenly
the system jumps in a new stable phase where agents are heterogeneously dis-
tributed across nodes. We named towers, such nodes with a very large density,
corresponding thus to nodes where agents prefer to live. Let us observe that
such result is obtained without any exogenous preferential attachment mecha-
nism. Another interesting characteristics exhibited by the system in the range
of small tolerances, is the presence of clusters of empty nodes (or links) separat-
ing mono-coloured clusters; moreover such interfaces grow in time with a power
law behaviour with a specific exponent depending on the tolerance parameter.
In the own Schelling words, people get separated along many lines and many
ways, but the pattern formation regarding this separation has strong connection
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with how different cultures define their satisfaction, in terms of their daily activ-
ity and living constraints. For instance, for families whose children play outside
or love having their daily commercial life surrounding their houses, their neigh-
bourhood is very important. On the other hand, if we consider cities, where
people activity is largely restricted to the buildings where they live or work,
then the individuals relocation decisions depend more on the composition of the
fully-connected building than on the neighbourhood.
Building on the previous remark we are interested in the present work to
consider a metapopulation Schelling model where the underlaying network ex-
hibits a complex topology and thus to understand how such heterogeneity of
connectivity changes the model outcomes with respect to the regular lattice
previously studied.
We find that a complex network structure does not change drastically the
qualitative system behaviour and that the transition threshold leading to seg-
regated states is ε = 0.5 and thus results to be an universal parameter of the
Schelling models. This outcome is interesting since it mirrors a previous impor-
tant result for opinion dynamics, [14], where it has been showed that in Bounded
Confidence Models, where a threshold determines if people locally agree or not,
the topology is not affecting the final outcome of the system, unless the network
itself has a dynamics [15, 16].
Even if the qualitative behaviour of the Schelling model is not affected by
the underlaying network topology, we observe that the convergence times to the
magnetised state depends strongly on the connectivity of the network, the larger
the average degree the longer the time needed to reach the final magnetised
state. Moreover we observe important correlations between the local network
structure and the population distributions, namely agents tend to avoid hubs,
that thus will be mainly empty, while they tend to accumulate, namely to form
towers, in low degree nodes.
One the other hand, the removal and rewiring of local connections on nodes
modifies the typical early coarsening process of clusters growth, for big values
of ǫ. However for low values of tolerance, when the system passes for a long
quasi-stationary regime, a late stage of coarsening becomes dominant, where the
system creates the “towers”. We found that in this regime the time scaling is
independent of the network topology. Our work is organised as follow: in section
2 we provide a detailed description of the methodology in terms of dynamics
and topology. The results are shown in section 3. Finally we conclude in section
4.
2 The model
Let us consider a network composed by N nodes each one able to contain at
most L agents, some of which belong to the Red group and some to the Blue one.
The total number of agents is a conserved parameter that we decide to express
in terms of the total emptiness, ρNL, where ρ ∈ (0, 1), is defined as the total
number of available space not occupied by any agent. The system is initialised
by choosing uniformly random amounts of Blue and Red agents in each node
close to the homogeneous equilibria (1 − ρ)NL/2. Time increases by discrete
steps, one step consists in the random selection and the (eventual) relocation of
an agent accordingly to her happiness. An agent is happy in a given node i, if
3
the fraction of agents with the opposite kind inside the neighbourhood, defined
as the set of nodes at distance smaller or equal to 1 from i, is smaller than a
threshold ǫ, in formula:
fBi =
∑
j∈i n
A
j∑
j∈i(n
A
j + n
B
j )
then B is unhappy in node i, if fBi > ǫ , (1)
where nXi , X = A,B, denotes the number of agents belonging to the X–kind
in the node i–th, and j ∈ i is a shorthand to denote the set of nodes connected
to i and i itself. Unhappy agents relocate themselves to another node in the
network, chosen with uniformly random probability, and provided that there is
enough space available there.
In the following we consider networks formed of N = 400 nodes and we will
consider four topologies: Lattices, Small Word networks constructed using the
Watts-Strogatz (WS) algorithm [17], Random Networks by using Erdo˝s-Re´nyi
procedure [18] and the Scale-free topologies obtained using the preferential at-
tachment mechanism proposed by Barabasi-Albert (BA) [20]. To check the
impact of the node degree we also build networks using the degree-preserving
rewiring procedure proposed in [19].
3 Results
To measure local segregation we define the node magnetization:
〈µ〉 =
1
N
∑
i
|nBi − n
A
i |
nBi + n
A
i
, (2)
being nAi and n
B
i the number of A and B agents in node i. Let us observe
that this index reaches values close to 1 once each node is populated by agents
of the same kind and zero in the case of perfect mixing. In Fig. 1 we report
the local magnetisation averaged over all the nodes, as a function of time for
100 generic simulations performed using a scale free (BA) network and we can
clearly observe that the system always asymptotically goes to a segregated state.
Let us define the convergence time, to be the time needed for the system
to reach the equilibrium, namely once all the agents are satisfied and will not
move anymore. The convergence time is clearly influenced by the degree of
connectivity for a fixed value of the tolerance; for instance in a fully connected
network agents could never reach an equilibrium if ǫ < 1/2, in fact for any
agent in any node the fitness Eq. (1) will take into account the whole population
and thus, because of the used initial conditions, it will result fXi = 1/2 > ǫ,
for X = A,B, hence all agents will always be unhappy and thus they will
continuously relocate themselves without achieving a stable final state. Results
reported in Fig. 2 show that the convergence time is qualitatively independent
from the used topology, in fact we can observe in all the studied networks a fast
increase (exponential) of the convergence time as the tolerance decreases from
1 up to 0.6, followed by a small decreasing around ǫ = 0.5 and eventually start
to increase once again for ǫ . 0.4.
To go further in this direction, we considered a random graph (constructed
according to the ER model) and we tuned the connectivity parameter pconn,
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Figure 1: Magnetization as a function of time for 100 generic simulations per-
formed using a scale free (BA) network with N = 400 nodes. We show results
for ǫ = 0.28 (upper), ǫ = 0.3 (central) and ǫ = 0.4 (lower panel). The remaining
model parameters have been set as follows L = 100, ρ = 0.9
in order to gradually increase the average degree < k >= pconnN . As we can
see in Figure 3 the convergence time increases exponentially with the network
average degree for ε = 0.4. In the case where the system experiences a long
permanence in the quasi-stationary state (ε = 0.3) the convergence time grows
faster than exponentially against pconn.
We are then interested in studying the impact of the tolerance on the final
outcome of the model and the possible role of the topology. In Fig. 4 we report
the asymptotic value of 〈µ〉 as a function of the tolerance parameter ǫ for several
complex network topologies where we fixed the average degree 〈k〉 = 4 (left
panel) and for a ER random network varying the average degree (right panel).
From this figure we see that the impact of the topology is very small: all curves
exhibit at convergence to the same Z-shape. Therefore we can conclude that
the qualitative behaviour of the system is the same for all the topologies and
only the tolerance matters to determine a segregated state or a well mixed one.
Les us now consider in more details the finer structure of the magnetised
state arising for ǫ ≤ 0.5, namely the population density across networks nodes.
As previously stated in the case of regular lattice, it has been found [13] that for
low values of the tolerance threshold the population asymptotically converges
to a very heterogeneous distribution of agents in each node, despite the uniform
initial distribution. In the present work we found a similar result (see Fig.
5 where we show the final distribution of the nodes population for different
topologies), hence the heterogenous distribution is not a feature of the regular
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Figure 2: Convergence time as a function of the tolerance ǫ for several topologies,
upper panel 2D lattice, middle panel Erdo˝s-Re´nyi and lower panel (BA) scale-
free networks. All the networks are composed by the same number N = 400
of nodes and the parameters have been fixed to have the same average degree
〈k〉 = 4, that is a 4–neighbourhood lattice, p = 0.01 for the ER network and
m = 2 for the (BA) model. The solid lines represent the average over several
replicas while the shaded zones the standard variation. The remaining model
parameters have been set as follows L = 100, ρ = 0.9.
lattice but it is a emergent outcome of the model dynamics. However in the
case of complex topologies we can observe that highly connected nodes tend to
be very often empty. This result is reported for the case of a scale free (BA)
network in Fig. 6 where we show the average emptiness as function of the node
degree:
〈ρk〉 =
1
Nk
∑
i:ki=k
L− nAi − n
B
i
L
, (3)
where the sum is restricted to nodes whose degree is k andNk is the total number
of nodes with such degree. We decided to report such result only for the scale
free (BA) network because this is the topology where the degree inhomogeneity
is the stronger. It is clear that 〈ρk〉 increases monotonically with the degree, in
some cases it reaches the value 1 for nodes with very large degree (hubs). We
have checked that this important result is robust with respect to the way agents
relocate themselves, in particular we also tested the case where only moves that
increase the agents happiness are allowed (solid model [12]) and we have found
the same results, namely, emptiness increases monotonically with the degree.
This finding can be explained using the very simple topology of a star net-
work, where the central node - the unique hub - is linked to all the other ones
that on the contrary are only linked to the central one. In this case the fitness
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Figure 3: Convergence time as a function of the network connectivity pconn
for an Erdo˝s-Re´nyi graph with N = 400 nodes, for two different values of the
tolerance parameter ε = 0.3 (red circles) and 0.4 (blue squares). The model
parameters have been set as follows L = 100 and ρ = 0.9.
Eq. (1) of any agent in the central node takes into account the whole population
and thus (once again because of the used initialisation) fXhub = 1/2 > ǫ, hence
no agent, whatever her type X = A,B, will be happy in the hub and thus they
will all move away from the central node leaving it empty.
Another interesting consequence of the complex topology is related to the
time evolution of the borders between the segregation clusters, also named in-
terface and defined as the set of nodes i and j such that nAi 6= n
A
j , n
B
i 6= n
B
j
and (nAi − n
B
i )(n
A
j − n
B
j ) ≤ 0. Generically speaking, the driving force be-
hind coarsening is the surface tension aiming to minimise the interface between
domains as a consequence of any dynamics that promotes ordering; a similar
mechanism could be acting in social systems [21], and in this framework the
Shelling model is not an exception [12, 11]. In [12] authors have reported re-
sults concerning a coarsening process with the typical size of clusters growth
following the law t−1/2, namely an universal power law exponent independent
of ǫ. One expects however that this value could not describe the coarsening
process in the metapopulation framework. In [13], the authors found that for
the metapopulation Schelling model on 2D regular lattice, this critical exponent
achieves different values. In order the global separation process takes places,
some local process inside each node should happen. This coarsening inside the
coarsening could lead to smaller exponents. We found that the dynamics upon
regular lattice provides a similar exponent −0.45 ± 0.04 for the ǫ = 0.4 and
−0.48 ± 0.03 for ǫ = 0.5 (see Fig.7), while for ǫ = 0.6 something interesting
happens; as a consequence of the larger value of the tolerance the system falls
into a metastable state characterised by the presence of many nodes each one
with its own majority state where agents of both kinds do coexist. After this
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Figure 4: Asymptotic averaged node magnetisation, Eq. (2), as a function of
the tolerance parameter. Left panel: 2D lattices (black), random networks
with a fixed node degree k = 4 (blue), WS small word networks p = 0.08
(red), ER random networks with 〈k〉 = 4 (yellow) and scale-free networks still
with 〈k〉 = 4 (cyan). Each point is the average over 100 realisations. Right
panel: Erdo˝s-Re´nyi random graph with different 〈k〉. One can appreciate the
qualitatively similar behaviour for all the considered cases, only the transition
becomes sharper as < k > increases.
transient, the agents present in the minority group inside these clusters decide
to emigrate, driving the system to the final state characterised by clusters of
only Red or Blue agents, separated by the remaining unidimensional clusters
of mixed populations. This process takes more time (see Fig. 2) for ǫ = 0.6,
leading to a scaling for the interface growth of the form tz with z = −0.21±0.02
(see Fig.7).
On the other hand, a completely different mechanism occurs for lower values
of ǫ ∼ 0.3. In this case the critical exponent results to be equal to −0.98± 0.21,
this is because of the long time during which the system remains in what we
have called a quasistationary state. This exponent has been previously found in
late stages of growth in concentrated non-dissipative systems [22]. During the
quasistationary state the clusters have already been formed and the dynamics
is devoted to the local arrangement of the agents to build the towers.
The natural question now is if the above coarsening processes are robust to
changes of topology. Complex topologies change the coarsening time once only
one agent is allowed per site [23]. Our results suggest that, in the metapopu-
lation scenario, only the late-stage phase is robust over the change of topology
as we show in Fig. 7, that is using 2D lattice, random (ER) and scale-free net-
works. For larger values of ǫ, associated to faster evolution to the frozen state,
the topology has an impact to the typical scale of the cluster coarsening growth,
which thus results different in complex networks with respect to 2D lattice.
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Figure 5: Distribution of the nodes population n = nA + nB. We considered
several topologies, 2D lattice (black circles), (ER) random network (brawn di-
amonds), (WS) small world network (red squares) and (BA) scale-free (blue
circles) with the same number of nodes, N = 400 and the same average degree
〈k〉 = 4. The remaining model parameters are L = 100, ρ = 0.9 and several
values for the tolerance ǫ = 0.3 (top left), ǫ = 0.4 (top right), ǫ = 0.5 (bottom
left) and ǫ = 0.6 (bottom right). Each point is the average over 100 realisations.
4 Conclusions
A metapopulation version of the Schelling segregation model has been stud-
ied over complex topologies. The main characteristics of the model have been
studied in lattices, Small-Word, random and Scale-Free networks. We have
demonstrated that patterns formation in the metapopulation Schelling model
are topology independent. Therefore the segregation processes are intrinsic to
the individual tolerance. The role of the topology is related to the place where
patterns emerge. We have shown that hubs are the preferred places for empti-
ness, when empty space do exist as border between clusters, that is for low value
of tolerance parameter. We demonstrated that the time to reach equilibrium
is qualitatively independent from the used topology. The time evolution of the
interface growth has also been studied. We found different kinds of kinetics
during the coarsening process, depending on the tolerance values. The generic
coarsening process in dissipative systems have been found for 0.4 < ǫ < 0.5. A
different kind of process occurs for ǫ = 0.6 in this case the system gets trapped
for a short transient in a metastable configuration, where clusters with a mix-
ture of agents of both kinds transform to one dimentional structures. Finally for
lower value of the tolerance the coarsening process behaves as in late coarsening
processes. We relate this late stage coarsening process with local process of tow-
ers formation that takes place during the quasistationary state. We have shown
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Figure 6: Emptiness proportion, Eq. (3), as a function of the node degree for
(BA) scale-free networks with N = 400 nodes and average degree 〈k〉 = 4. Each
point is the average over 100 realisations. One can clearly see that hubs are
the preferred nodes for the empty places. The model parameters are L = 100,
ρ = 0.9, ǫ = 0.28 (blue), ǫ = 0.3 (pink) and ǫ = 0.4 (green). The same
output has been checked for the case when only moves that increase the agents
happiness are allowed (solid model [12]).
that changes in the topologies destroy the early coarsening process occurring
for large values of tolerance, but not the late coarsening process. This special
coarsening is robust against changes of topologies.
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